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PIXLEY-ROY HYPERSPACES OF w-GRAPHS

J. D. MASHBURN

ABSTRACT. The techniques developed by Wage and Norden are used to show
that the Pixley-Roy hyperspaces of any two w-graphs are homeomorphic. The
Pixley-Roy hyperspaces of several subsets of R” are also shown to be homeo-
morphic.

I. INTRODUCTION

Since it was introduced in 1969, the Pixley-Roy hyperspace, PR[X], of a
topological space X has been intensely studied with the hope of establishing
how the properties of X affect those of PR[X]. This study has met with some
success, especially in the area of cardinal functions. However, there is a class
of questions which, until recently, eluded investigators: For which spaces X
and Y will PR[X] be homeomorphic to PR[Y]? For several years the only
results in this area were some embedding results obtained by van Douwen [vD]
and Lutzer [L]. In 1985 Wage [W] achieved a breakthrough by developing a
technique for breaking up neighborhoods around points in certain spaces which
allowed him to define homeomorphisms between those neighborhoods. Using
this technique he was able to show that Pixley-Roy hyperspaces of spaces like
R or [0,1] are homogeneous. In 1986 Norden [N] extended Wage’s technique
to one which broke up an entire space. With this he was able to show that the
Pixley-Roy hyperspaces of any two P-graphs (one-dimensional polyhedra with a
finite number of points removed) are homeomorphic. It follows that the Pixley-
Roy hyperspaces of spaces like R, [0, 1], and the circle are all homeomorphic.
It is the purpose of this paper to use Norden’s technique to show that Pixley-Roy
hyperspaces of infinite, as well as finite, graphs are all the same.

Definition. A 7, space X with no isolated points is an w-graph if there is
a countable discrete subset D of X and a countable collection I of pairwise
disjoint copies of (0,1) such that X\D = JI, I is locally finite on X, and
for every x € D, {x}U (U{I € I: x € T}) is a neighborhood of x which can
be embedded in R?. The set D is called a dividing set for X .

The main result of this paper can be stated as follows.
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Theorem 1. If X and Y are w-graphs then PR[X] is homeomorphic to PR[Y].

§II will consist of preliminary definitions, notation, and observations neces-
sary for the proof of the Theorem 1. Theorem 1 will be proved in §III, and §IV
will contain some related results.

We will use PR[X] to denote the Pixley-Roy hyperspace of X . Our notation
for the open subsets of PR[X] will be standard. We will use F[A4] to denote
the set of nonempty finite subsets of a set 4, and F'[A4] to denote the set of all
finite subsets of 4. The notation “X ~ Y” will mean that X is homeomorphic
to Y.

II. PRELIMINARY MATTERS

Let X be an w-graph and let X, be a dividing set for X . Enumerate X,
as {x,: n < w}. Let I, be the countable collection of pairwise disjoint copies
of (0, 1) whose union makes up X\X,,. We may assume that every element of
I, has at least one endpoint in X,. For each n < w let u(n) be the number
of elements of X\X, having x, as an endpoint. For each I € I, fix a linear
structure and orientation for 7. Let Q, be the set of all midpoints of elements
of I, and, for each p € X, let OP be the component of X\Q, containing p.
Then Q, is a discrete subset of X and 0p N Oq =g ifp#gq.

For each p € X, and each I € I, having p as an endpoint, choose a
sequence of pointsin IN 0p converging monotonically to p . This can be done
because each element of X, is the endpoint of at least one element of I,. Let
Q, be the set of all points of X which are elements either of g, or of the
sequences just chosen. Call Q, the Ist cut-set of X . Set Ql =Q,. Let I
be the countable collection of pairwise disjoint copies of (0,1) whose union
makes up X \(Q1 UX,). Call I, the set of intervals in X derived from Ql .

Assume that n < w, that Q, is a discrete subset of X \ X, and that I
is a countable collection of pairwise disjoint intervals in X. Let Q, ., he
(n + l)th cut-set of X, be the set of midpoints of elements of I, and let
Qn = Q ug@,,, - Let I, the set of intervals in X derived from Qn 1
be the countable collection of pairwise disjoint copies of (0,1) whose union
makes up X\(Qn+l X)) -Set 0=U,.,Q,-

For every l<m<w andevery n<w,let I,  ={l€I : ICOx,,}' This
is the set of those elements of I~ which ° cluster around X,

For every 1 <n < w let X(n) be the set of sequences, o, deﬁned on n+1
such that ¢(0),0(1) € ® and a(m) € {0,1} forall l<m<n. Let m<w.
Since I, , is countable, it can be enumerated as {I( nyt 1< w} . In this way
the set I, is indexed by X(1). Assume that the elements of X(n) have been
used to index the elements of I, . Let I €1 _,. There is a unique g € Z(n)
such that I c I_. If I is the left-hand half of /_, then let 7 be the element
of Z(n+ 1) such that t1fn+1 =0 and 7(n+1)=0 andset [ =1. If I
is the right-hand half of I_, then let 7 be the element of X(n + 1) such that
tfn+1=0 and t7(n+1)=1 andset I =1.Let L=, ,Z(n).
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The following lemma consists of observations which are immediate conse-
quences of the previous definitions and its proof is omitted.

Lemma2. Let 1<m<n<ow.

1. IfI€l, then INQ, #J.

2. If p € Q,, then there are exactly two elements, I, and I,, of 1, such
that p is an endpoint of both 1, and I,. Furthermore, I, UI,U{p} is
openin X.

3. If I €1,, then there are exactly two elements of 1
vals of I.

4. If 1, €1, then there is exactly one element, I, ., of 1, that contains
I .

5. I} o € X(1), o(0) =k, and o(1) = 1, then I is the Ith element of
I, .

6. I}I.(Ia S5 then o € Z(n) and o(0) =k.

7. Forany n,k < w, {Int[C( NI, € I, ,: o(1) > a})]: a < w} formsa
local base for x, .

el that are subinter-

Foreach p€ X andeach 1 <n<wlet A(p)={I€l:pcec T} and
let A’(p) =UA,(p). If p € Q, then A(p) and A*(p) will denote A, ,(p)
and A’  (p) respectively. If B € PR[X] then set A (B) = UpeB A, (p) and

n+1
A (P) =U,epA,(p). If B F[Q,] then set A(B) =U,c;A(p) and A*(B) =
Upes A" () -

Set M, = {Q} and, foreach 1 <n<w,let M, ={E € F(Qn): ENQ, #9
forall 1 <m < n}. For 1 <n < w call M, the set of elements of PR[X]
compatible with Qn . Note thatif m > n and E € M, then ENQ, = J. Also,
if k #1 then M, "M, = . Foreach n < w andeach E€ M, ,let S, ={A €
PR[X]: ANQ,,, = E}. Thus,if A€S, and E € M,, then ANQ,,, =D.
The set {S;: E € M} where M =J,_, M, is a partition of PR[X] and is
called the fundamental partition of PR[X] based on M . If E € M, then S,
can be written as {AUBUE: A€ F'[Xo] and B € F'[X\(Q UX,)1}. Recall

that X\(Q,,, UXo) = UL, -
Foreach E€ M, let F, ={I €l :1CA"E)}. If n>2,let E' =

n+l°

E\Q,=ENQ, ,.1f n>3 then E" is ENQ, ,.If n=2 thenset E' = @.

Now let Y be another w-graph and let Y, be a dividing set for Y . Enumer-
ate Y, as {y,: n < w}. Then the function i: X, — Y, given by A(x,) =y,
is a bijection. Let J, be a countable collection of pairwise disjoint copies of
(0,1) whose union is Y\Y;. We may again assume that every element of J,
has at least one endpoint in Y,. Let R, be the set of midpoints of elements
of J,. Let {R,: 1 < n < w} be the collection of cut-sets for ¥ and set
R=U,.,R,. Let P, be the component of Y\R, that contains y, . For each
0 <n< wlet J, be the set of intervals of PR[Y] derived from R, , each
indexed as before by the elements of . Let {N,: k < w} be the collection of

n+1
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sets of elements of PR[Y] compatible with {ﬁk: k <w} andlet {T,: E€ N}
be the fundamental partition of PR[Y] based on N =, _,N,. If E C Q
and f: E — R, then f is level preserving if f(ENQ,)CR, forall n < w.

For each I € I, and J € J, there is a unique linear homeomorphism
between / and J that preserves orientation. Denote this homeomorphism by
Ny If o,teXZ(n), I = Iofm+l’ and J = JTrerl for some m < n, then
n, ;(I,) = J_if and only if g(k) = 7(k) foral m<k <n. If I''1, - J,
is a bijection, then I'": UI, — UJ, is the function U, N ray - I isa
homeomorphism that is linear and orientation preserving on each element of
I .

n
Now order each I, and J, lexicographically using the indices of their ele-

ments. These collections then have order-type w’. Let F C I, and GCJ, be
equipotent finite sets and let y: F — G be a bijection. Then I \F and J \G

still have order-type wz, so there is a unique order isomorphism A.: I \F —
J\G. Define I': I —J, by I'=yUA,. Then T is a bijection.

In those situations where more than one F is being considered and subscripts
are used to distinguish the various set, the same subscripts will be used to dis-
tinguish the corresponding y,A, and I'" functions. For example, the functions
associated with F, willbe y,,A,,and T',.

It will be necessary in what follows to compare the index of I with that of
y({,) or I'(1,) . In order to facilitate this, we will use y(c) and I'(c) to denote
the indices of y(/,) and I'(1,) respectively.

The next lemma is obvious and its proof is omitted.

Lemma 3. Let m<n<w andlet F, C1 and F, C1, with {I €l :IC
F .} cUF,. If y,: F, — J,, is a one-to-one function and y,: ¥, — J is defined
by y,(I) =T(I), then T(I) =T5(I) forall I€1,.
Lemma 4. Let F C 1, be finite and let y: F — J, be a one-to-one function.
Assume that there are b,c,m < w such that

1. c—m>b;

2. if I €F then either o(1) < b or a(1)>c;

3.1, eFnI, , and m < o(1) <b then y(I))€J, , and y(o)(1) < b;

and

4. if I_eFnl,  and (1) >c then y(I))€J, , and y(o)(1) > b.
Then T(I,)€J, , and T(o)(1) > b for all I, €1, with a(1) >c.
Proof. Let n < w. The elements of J, ,\y(F) are the images under A. of
I, ,\F. By conditions 2 and 3,

[Fn{l, el ,:m<o(l)<cl=[Fn{l, €], :m<o(l)<b}
={y(I,): 1, €1, ,and m < o(1) < b}
<H{J,€d;,:J,€7(F)and o(1) < b}
=y(F)n{J, €J, ,: o(1) < b}|.
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Also, {I, €I, ,:m<a(l)<c} >2|{J, €T, ,: (1) < b}| because c—m > b.
Therefore,
{1, €L, ,: m<o(l) < c}\F|
=[{I,el, ;:m<o(l)<c]\(FN{I, €], ,:m<a(l) <c})
> {7, €3, 1 0(1) S BN@F)N{J, €T, a(1) < b})]
={J, €Iy ,: 0(1) < bY\y(F)].

Thus, if J € J, »and 7(1) < b then thereis I € I, such thateither I € F
or I €I,  and o(1) <c,and I'(I,) =J_. It follows from this and condition
4 thatif I €I,  and o(1)>c, then I'([,) €J; , and I'(o)(1) > b.

Lemma 5. Let F,,F, C I, be finite and let y,: F, — J, and y,: F, — J,_ be
one-to-one functions. Let a,b,m < w such that

1. b—a>m;
2. {I,€F:0(1)<a}={I,€F,:a(1)<a}=G; and
3. n1,) =, foral I €G;

and that for i =1 or 2,
4. if J € y/(F,) then either a(1) < a or a(1) > b;
5. if I €F, and o(1) > b then y,(o)(1) > a; and
6. forall n<w,if J,€y,(F)NJ, , and y;'(J,) €1, , then a(1)<m.
Then T'\(I))=T,(1)) forall I €1, with o(1)<a.
Proof. Let n < w. By condition 2,
{I,€l, ;o) <a}nF, =1, ,NnG={l, €l ,:0(1) <a}nF,
and
{I, €], ,:o(l)<a}\F, ={l, €L :0(1) <a}\G
={I, €I, ,: o(1) < a}\F,.
By conditions 2, 3, and 4,
{J,€3, o) SBNY,(F) = {J, €3, ,: 6(1) < B}\7,(G)
= {J, €J, ,: a(1) < b}\py(F,).

If I, €l, ,NG then I' (1)) =y ,(1,) = »,(I,) =T,(I,). The values of T,
and I', on {/, €I, ,: (1) < a}\G are determined by A, and A, respectively.
We can establish the equality of I and T, on {/, € I, :0(1) < a}\G by
showing that this set is no larger than {J, € J; : (1) < b}\y,(G). Then,
since both A, and A, take the o th element of {/, €I, ,: (1) < a}\G to the
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ath element of {J € GJ, a0 0(1) <b}\y,(G), they must be equal.

(7, €3, . 6(1) < B)\1,(G)|
={J, €, 0(1) <a}\y(G)|+ {J, € Jena<o(l)< by
(by condition 4)
= [{J, €J, ,io(l) <ap\({r,(,) €, 1 1, € G\I, .}
u{n,)ed, . 1,€Gnl 1}
+{J, €J; ,ra<a(l) < b}
2KJ,€d, io()<ai\{y,(I,) €I, 1 1, € GnI 3
(by conditions 1 and 6)
=[{l, €l ,so(l)<ap\{I,€eGN] :y(1,) €T, }
2 {1, €I, 1 o(1) < a}\G|.

III. PROOF OF THEOREM 1

Let X and Y be w-graphs with dividing sets X, and Y;. We will use
the structures and definitions developed in §II. Let g: O, — R, be a bijection
such that g(Q,Nn0,) = R,NP, forall n < w. Then g(Q,) = R,. For our
convenience later in the proof, we will assume that the first u(n) elements of
any I are those elements of I, having an element of @, as an endpoint.

The homeomorphism we will define is essentially that defined by Norden in
[N].

Define T';: 1, — J, by I',(/,) = J,, and h: UL, = UJ, by h, =T,.
Then A s is @ homeomorphism. Set 6(¢) = ¢.

Let E€ M,. Set f, =g | E and 6(E) = f,(E). Let F, = F, and
For) = IATB(E). Each I € F, is adjacent to exactly one element of E and
each element of E is the endpoint of exactly two elements of F. Similarly,
each element of Fy g is adjacent to exactly one element of 6(E) and each
element of O(F) is the endpoint of exactly two elements of Fyp - Define
Vg Fp— FB(E) as follows. Let I € F, and let p € E be an endpoint of /. If
p is the right-hand endpoint of I, then set y.(I) equal to the element of Fok)
which has g(p) for its right-hand endpoint. If p is the left-hand endpoint of
I, then set y.(I) equal to the element of Fo( E) which has g(p) for its left-
hand endpoint. Then y, is a bijection. Define 4,: (UL)UE — (UJ,)UO(E)
by hp = 1“;5 U f¢ . Both l"; and f. are bijections so A is a bijection. It is
also a homeomorphism on (JI, because I', is. Let x € E and let V' be a
neighborhood of f.(x) in Y. By the definition of y. there is a neighborhood
U of x in A™(x)U{x} such that h (U) c V. Thus h is continuous at
Xx . A similar argument shows that h;l is continuous at h.(x), so h. is a
homemorphism.
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Let 2 <1 < w and assume that forall k<1 andall Fe M,_,

1. fgi E — ﬁk is a level preserving one-to-one function and 6(E) =
/i E(E )3
2. Fp I, and FO(E) CJ,,, are finite and y;: F; — Fo(E) is a bijec-
tion; and
3. the function h.: (UI,,,)UE — (UJ,,,)UB(E) givenby h, =T Uf;
is a homeomorphism.
Fix E € M,. Each element of EN Q, is the midpoint of some element of
I,_, and hg. , which is defined on (J/,_, , takes midpoints to midpoints. Thus

hg» (p) € R, forall pe ENQ,. Define fE:E—>§, by

he(p) ifpeENQ,_,,

Je) = { hyo(p) ifpeENQ,

Then f; is a one-to-one level preserving function. Note that if p € EN Q1_1
then f.(p) = hg (p) = f/ (p). Extending this backward, we can see that if
1<k<!land pe ENQ, then f.(p)= fEnak(p).

Let Fyy = A(ENQ)) and Fy ), = A(B(E)NR)). Let I € Fy; and let
p € EnQ, be and endpoint of 7. Then f (p) = hy~ (p) € R, and hg. (p) is
an endpoint of h.. (I) because k. is continuous. Thus k.. (I) € Fe( En- A
similar argument shows that if .. (I) € Foen then I € Fp, .

Let Fpy = {1 € F\Fp: by (I) € Fypp)\Fyp ) and let Fyp, = {J €
Fop)\Foz),: hp' (J) € Fp\Fp}. Clearly I € Fy, if and only if hy (I) €
50(5)2 . Set F. = F, UF, and F()(E) = F@(E)l UFo(E)z- Define y.: Fp — Fe(E)

Y
) = { hgo(I)  if I €Fg,
E he(I) if I €Fp,.
Then y, is a bijection.

Define hg: (UI,,,)UE - (UJ,,)UO(E) by h =T, U f;. The function
hg is a bijection because I'; and f, are bijections and is a homemorphism on
UI,,, because I' is. If pe ENQ, then A(p) CF,, and h (A" (p)U{p}) =
hg (A"(p)U{p}). Nowlet pc E'. If I€ A, (p) then I € i‘E. Since p is
an endpoint of I and p € Q,_,, the other endpoint of I must be an element
of Q,,,. Hence I ¢ F, . To show that h,. (I) € F‘(,(E)\FG(E)l ,note that p € E'
and hg. is continuous on (UI,) U E'. So fe(p) = Fg. (p) is an endpoint
of hg/ (I). But fg. is level preserving, so f./ (p) € ﬁ, +1 - Again, the other
endpoint of 4, (I) must be an element of R, ,. Hence A (I) € ?G(E)\F()(E)l .
It follows that A, (p) C Fy, and hg (A}, ,(p)U{p}) = h./ (A},,(P)U{P}). But

hg: is a homeomorphism on (UI,) U E' and h g 1S a homeomorphism on
UI,_,,so h. is a homeomorphism on (JI,,)UE.

1+1
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Notice that forany k <w, E€M,, x, € X,,and I € | P if T (1) ¢
Ji n then o(1) < u(n) because only the first u(n) elements of L, have
endpoints in Q.

Forall n < w and all £ € M,, define H.: S, — Ty by Hg(4) =
MANX,)Uh(A\X,) . Finally, deﬁne H PR[X] — PR[Y] by H =Ugcy H,
To show that H is a bijection it is sufficient to show that # is a bijection. Let
E,DeM and E # D. Then §(E) = f.(E) and 6(D) = f,(D). Both f. and
fp are level-preserving one-to-one functions, so 6(E) # 6(D) if E € M, and
D e M, and k # . Assume that E,D € M, . Then 6(E) = g(E) # g(D) =
6(D) since g is a bijection. Assume that E,D € M, for some k > 1. Either
ENQ, # DNQ, or E' # D'. But the functions A, ,hg. , hy ,and hy. are
all one-to-one, so either A . (ENQ,) # hyn (DNQ,) or hy (E') # hy (D).
In either case, 6(F) # 6(D).

Let A€ S, where E € M, and let V be a neighborhood of H(A4) in Y.
Pick a < w such thatif I € A (4) then (1) <a andif J € A (H(A)) then
o(1)<a. Let m=max{u(n): A (4)N],  #O or A((H(A)NT,  #S}+1.
Pick b € w such that b — m > a and

Int [c1 (U{Ja ed, o(l)> b})] cv
forall y, € H(A)NY,. Set

v, =Int[Cl( {J,€3, ,:0(1)> b})]

and set ¥y =U,cp4ny, ¥, - Pick ¢ € o suchthat c—m > b andif x, € ANX,
and p € an Int[CI( U{I €1, ,:0(1) > c})], then g(p) €V, . For each
x, € ANX, set U =Int[CINI, €1, ,:a(1)>c})]. Let Uy =U,c4x, U,-
If ANX, =0 thenset Uy=a. Pick r >k + 1 such that . (A;(p)) C V for
all pe A\X,. Set U, = A[(p)U{p} for p€ A\X; and set U, =U,cnx, U,-
Let U = U,uUU,. Note that:
1. if I NU, #Q then o(1)<a;

if J N(H(A)\Y,) #Q then (1) <a;
if I, nU # forsome x,€ANX, then [ 1eI , and o(1) >c;
if J nv,, ;6 @ forsome y, € H(A)nY then J ., €J, , and o(1) > b;
if p eA\X then UpﬁQkJrl c {r}.
a,b,c and m satisfy condition 1 in Lemmas 4 and 5; and
if I, €I, and m < o(1) then Hy(I)) c UJ, , forany 0 <1 <
w,n<w,and De M.

The heart of the proof that H([4,U]) c [H(A), V] is contained in Lemmas
6 and 7.

Now Awbd

Lemma 6. Let D€ M; where 1 < j<k, DCU, and DNU =ENQ,. Let
C=EOQj. Then

1. if peDn U, for some q € AN X then fD(p)eVl(q);
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2. ifpeDan for some q € E then p =q and f,(p) = Fg(p);

3. if1,€l;,, and o(1)<a then T'o(I,) =T(1,); and
4. if I € L. X, €40KX,, and o(1) > c, then T (I ) € Jivin and
Tp(o)(1)>b.

Proof. To begin with, let us take note of three useful facts. First, since I ¢(Io_) =
J, forall I €I ,if I € I, , and o(1) > c, then I“¢(Ia) =J,€J,, and
(o)1) =a(1) > ¢ > b. Also, for any j, if p € C then f.(p) = fz(p).
Furthermore, if I € F,, then either o(1) <a<b or a(1) >c.

Let j=1.Then DC @, and DNU, =ENQ,.Let peD.If pe U, for
some g € AN X, then f,(p) = g(p) € V;I(q)’ If pe Uq for some g € A\X,,
then g€ E,p =g, and f,(p) = g(p) = f(P)-

Let n<w andlet I €I, , NF, with g(1) > c. Let p € D be an endpoint
of I . Since o(1)>c, p must be in U, . Then fp(p) , which is an endpoint
of y,(1,), is in V., - Thus y,(I) €J, , and yp(o)(1) > b>a.

It follows from DNU, = C that F. ={I €F,:0(l)<a}. Let I €F,.
Let p € D beanendpointof 7 . Then p must be an element of U, ,so f,(p) =
Sfe(p) = f-(p). Thus f.(p) is an endpoint for both y.(I,) and y,(I,). Since
both y. and y, preserve orientation, it must be true that y.(I)) = y,(I,).
Also, y,(0)(1) < a < b because f,(p) € H(A)\Y,.

By Lemma 4, if I €1, , and d(1) >c, then T'(I,) €J, , and I'(a(1)) >
b. By Lemma 5, if I €1, and o(1)<a,then I'[(I))=T,(I)).

Let 2 < j < k and assume that the lemma is valid for all 1 <i < j and all
De M, with Dc U and DNU, =Enéi. Let De M; with DC U and
DNU =EnQ;. Then D'e M, | ,D'cU,and D'nU, =ENnQ,  =C,
so the lemma is valid for D'. If j=2,then D" =C" =@. If j > 2, then
D"eM,;_,,D"cU,and D"NU,=ENQ, ,=C". Thus the lemma is valid
for D" .

Let pe DNU, forsome x, € ANX,.If pe éj_l then f,(p) = fy (P) €
Vy.. .IfpeQ ; then f,,(p) = hy» (p). Now p is the midpoint of some element
I, of I, |, where o(1) >c. But I')u (1)) € Ji 1> Tpr (o)1) > b, and
hpo (p) is the midpoint of Iy, (1,). Hence f,(p) € v, -

Let peDNU, for some g € A\X,. Then g€ E and g =p. preéj_l
then f,(p)=f, (p)=fe(p). If p€ Q; then

Sp(p) = hpn (D) = T () =T (D) = b () = fo (D) = fp (D).
Let n<w andlet I, € F;nI;,  with o(1) > c. Either y,(I,) = I, 1)

or yp(I,) =Ty (I,). In either case, y,(I) € I, andyp(o)(1)>b>a.

It follows from the inductive hypotheses that F., = {I_ € F, : d(1) < a}
and F., = {I, € Fy,: 0(1) < a}. Thus F. = {I_ € F,: o(1) < a}. Let
I, €F.. If I € Fp then y,(I.) =Tpn(I). But I (1) =Ten(I,) so
vp,) =vc(L,). If I €Fp) then y (1)) =T} (I). But T, (1)) =Tp (1)
so ¥p(1,) =7-(1,). In either case, y,(o)(1)<a<b.
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By Lemma 4, if I € | S and o(1) > ¢, then I')(1)) € J,,1, and
Ip(o)(1)>b. By Lemma 35, if I € Ij+l and o(l)<a,then I')(I))=T,(1)).

Lemma7. If k </,DeM,, and ECDC U, then

1. ifpeDan Jor some q € AN X, then f,(p)€V,

2. if peDn U, for some q € A\X,, then f,(p)eV;

3. i1,€l,,,, forsome x, € ANX, and o(1)>c, then T (1) €J
and T'p(o)(1) > b; and

4. if I €, and o(1) < a then T (I ) =T,(1)).

g

(@)’

I+1,n

Note that condition 4 implies that y,(c)(1) < a forall I, € F,, with o(1) <
a.

Proof. The case k =1 is given by Lemma 6.

Assume that / =k + 1. Then D' € M, ,D' C U,and D'nU, = E. Also,
D"eM,_,, D"cU,and D"nU, = E'. So Lemma 6 holds for D' and D".
Let pe DNU, forsome x, € ANX,,. if p€ Qk then f,(p) = f, (p) € U,
Let p € Q,. Then p is the midpoint of some element I of I, , where
o(1)>c. Also, f,(p) =hp (p) and hj. (p) is the midpoint of T’ (1)) . But

Ipo(1,)€dy , and T (0)(1) > b. Thus fy(p) €U,
Let p € DﬂUq for some g € A\X,. Now UqﬂQ[ C {q} so p =g and

peQ,. Thus f,(p) = fp (D) = f(D)EV .

Let I, € F,n1, , , for some x, € AN X, and let o(1) > c. Either

vp,) = Tp (I) or yp(I)) = Tpu(1,). In either case, y,(I,) € J,,, , and
7p(0)(1)>b>a.
To show that conditions 3 and 4 hold, consider the sets F={l€ [, ,: I C

UF.} and G={I, € F,: (1) < a}. Define y on G by y(I) =T,(I). We
will show that F c G. Let I € F. Then (1) < a and Iark+l € F.. Now
A(E) C A(D) because E C D. Also, A(O(E)) C A(6(D)). Thus I € lA*“D and
hp (1) =hg(l,) € ﬁo(n) . If I_€F, thenthereis p € DNQ, such that p isan
endpoint of I . Then, since o(1) <a, p€ U, . But Uung =9,s0 I &F, .
If pe DNQ, then p € U, and f,(p) € V. But T'), (a)(1) < a so hy (1)
cannot have an endpoint in (D) N R, . Therefore hj (I ) € FG(D)\FO(D)l , and
I €G. le Lemma g, I'(J)= I";(I) forall I€l,,.If I €G then I €Fj, so
ypI) =T, (I) =Tp(I) = y(I). Thus y,(I))€J,,, , and yy(o)(1) <a< b

forall I € F,NI with m < g(1) < b. By Lemma 4, if I €1 for

I+1,n [+1,n

some x, € A\X, and (1) > c, then I';(/ ) €J, , , and Ij(o)(1) > b. By
Lemma 5, T(I) =T(1,)=T}(I,) forall I €1, with o(l)<a.

Let / > k+ 2 and assume thatif j=/-1or j=1[/-2, CeM,,and
E Cc C c U, then the lemma holds for C. Let D€ M, with ECDCU.
Then DNU,NQ,,, = E. Furthermore D'e M,_,, EcD'cU, D"eM,_,,
and E c D" c U. Thus the lemma holds for D' and D" .
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Let peDNU, forsome x, € ANX,. preQ, , then f(p) C f) (p) €
.Ifpe Q, then p is the mldpomt of some [, €I,_,  with o(1) >c.
But Sfp() = hp (p) is the midpoint of T (1) and Ty (I )€J,_, , with
I'pi(o)(1) > b. Hence f,(p) € Vo

Let pe DNV, for some qu\X preé, , then f (p) = f, (p) €
If pe @, then f,(p) =hy (p)= D” (p) = ( ) € V because hE(U ) C V

Let I, e F,nI,, for some x, € 4N X, and let (1) > c. Either
yp,) =Tp (1) or y,(I,) =Ty, (1). In elther case, y,(I,) €J and
yp(o)(1)>b>a.

To show that conditions 3 and 4 hold, consider the sets F={I €1, : I C
UF.} and G = {I € F,: 0(1) < a}. Define y on G by y(I) = E(I)
Let I, € F. Then I, ef?D because E C D and h, (1)) = hg(1 )eFa(D
because 6(E) C 6(D). Assume that I ¢ F, . Let pCcDNQ,. We will show
that f,(p) cannot be an endpoint of &, (I). If p € U,, then f,(p) € V.
But T’ (0)(1) < a so fy(p) is not an endpoint of A, (I ). If p € U, then
p el for some I € I, , with 7(1) < a. By the induction hypotheses,
JoP) =hpu (P) =hg(p)€h(I). f ol k+2#T then I, NI =T sop
cannot be an endpoint of any submterval of I otk42 If ol k+2=71 then p is
not an endpoint of I because I ¢ F), . The assumption that I ¢ F, also
implies that A, (I ) = h, (I,) = hg(I ). But h;l is continuous at h.(p), so
hg(p) cannot be an endpoint of A, (I ). Therefore h,(I,) € i‘G(D)\FO(D)l and
I, €Fp,. By Lemma 3, y(I) = 1"",;.(1) forall 7e€l,, . If I €G then either
ypI) = Ty (I) or y,(I) = Tpw (I). In either case, y,(I) = T(I) = y(I).
Thus y,(1,) € J,,, , and yp(0)(1) < a < b forall I € F,nI,, , with
m < o(l) < b. By Lemma 4, if I € I, , for some x, € AN X, and

o(1) >c, then I')(I))€J,,, , and I')(o)(1) > b. By Lemma 5, if I €1
and o(1) <a,then Tp(I)=T%(I).

Now let B € [4,U] and let B € S;,. Then D € M, for some / > k and
EcDcU. Also, BNX, = AN X, so A(BNX,) =AA4ANnX, C V. Let
pE€B\X,. If pe D then f,(p) €V by Lemma 7. Assume that p ¢ D. There
isI €I, suchthat pel . If pe U, forsome x, € ANX, then I, €l ,
and (1) > ¢. By Lemma 7, hp(1)) =TpH(I,) € Jl+l,n and T (o)(1) > b.
Thus hy(p)eV.If pe U, for some g € A\X,, then (1) <a. By Lemma 7,
hp(I,) = I‘;)(Ia) = 1";(10). Thus h,(p) € V because hE(Uq) C V. Therefore
H(B) € [H(A),V] and H is continuous. A similar argument shows that H™'
is continuous.

I+1,n

1+1

IV. RELATED RESULTS

Corollary 8. If X and Y are w-graphs and D and E are equipotent dis-
crete subsets of X and Y respectively, then Upe plp, X1 is homeomorphic to

Upesl?, Y1.




708 J. D. MASHBURN

Proof. Extend D and E to dividing sets X, and ¥, of X and Y. Order
the sets X, and Y, so that A(D) = E. Then the homeomorphism defined in
the proof of Theorem 1 takes Upe plp, X] to Upe elp, Y1, so these two sets are
homeomorphic.

The finally results are about spaces other than graphs or w-graphs. Theorem
2 of [N] shows that points may be removed from certain 7, spaces without af-
fecting its Pixley-Roy hyperspace. The next three lemmas generalize this result.
Theorem 12 applies this procedure to R”.

Lemma 9. If (Z, : n < w) is a sequence of disjoint homeomorphic open and
closed subsets of PR[X] such that \J,_,, Z, is open and closed in PR[X], then
PR[X]\Z, ~ PR[X].

Proof. For each n < w letH,: Z — Z,
H: PR[X] — PRIX]\Z, by

., be a homeomorphism. Define

(4 ifA¢U,.,2Z,
H(4) = { H(4) ifdez,

h
Then H is a homeomorphism.

Lemma 10. If U is an open subset of space X and C is closed in U then
U,eclp, Ul is open and closed in PR[X].

Proof. Clearly UpGC[p , U] is an open subset of PR[X]. Let

4eU\ JlIp, Ul
peC
If 4 ¢ U then [4,X] is a neighborhood of A that misses U, [p,U]. If
AcCU then ANC =0,s0 [4,U\C] is a neighborhood of 4 in PR[X] that

misses Upec[p ,U].

Lemma 11. Let (U,: n < w) be a sequence of disjoint open subsets of a space
X andlet (C,: n < w) be a sequence of subsets of X such that C, C U, and
C, isclosed in U, forall n<w. Then U,_, Upec’.[p ,U,] is open and closed
in PR[X].

Proof. It is clear that |J,_, Upec,,[-” ,U,] is open in PR[X]. By Lemma 10,
each UpeC,,[p’Un] is closed in PR[X]. Let 4 € PR[X]. Since A4 is finite and
the U, ’s are disjoint, there is a finite subset B of w such that ANU, #Q if
and only if n € B. Then (U,,c5[4,U, DN (Upeu,,[P ,UN#D onlyif neB.

Thus {U,cc, [P, U,]l: n < w} is locally finite, and U, _,,U,ec, [P, U,] is closed.

Theorem 12. Let 0 < n < w and let X = {x € R": 0 < |x| < 1} where |X|
denotes the Euclidean norm. Forany 0 < m < w,

PR[R"] ~ PR[m x R"] ~ PR[w x R"] ~ PR[m x X] ~ PR[w x X].

Proof. We will show that each of these spaces is homeomorphic to PR[R"]. Let
D be a discrete subset of {x € R: x > 0} which contains 0 and letz: R” — R
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be the projection onto the first coordinate. Let L = {X € R": n(X) € D} and
let C ={x eR":|x| € D}. If D is finite then R"\L = (|D| + 1) x R" and
R"\C = |D| x X. If D is infinite then R"\L ~ @ xR" and R"\C~ w x X .
Let U, = R" and let (U,: 0 < k < w) be a sequence of disjoint open balls in
R", each of which has empty intersection with L and C.

Set C, = L. Forevery 0 < k < w let C, be a subset of U, which is
homeomorphic to L. Then C, is closed in U, for all kK < w. For each
k<wset Z, = Upeck[p,Uk]. By Lemma 10, each Z, is open and closed
in PR[R"]. By Lemma 11, Uo<k<w Zi 1s open and closed in PR[R"], so
Uk<ew Z, s open and closed in PR[R"]. Clearly each Z, is homeomorphic
to every other Z, , so PR[R"] ~ PR[R")\Z, ~ PR[R"\L]. If D is finite then
PR[R"] ~ PR[(|D| + 1) x R"]. If D is infinite then PR[R"] ~ PR[w x R"].

Now let C; = C and for every k < w let C, be a subset of U, homeo-
morphic to C. Set Z, = U, [p, U] forall k < w. Again, (Z;: k < )
is a sequence of disjoint homeomorphic open and closed subsets of PR[R"] so
PR[R"] ~ PR[R"]\ZO ~ PR[R"\C]. If D is finite then PR[R"] ~ PR[|D|x X].
If D is infinite then PR[R"] ~ PR[w x X].
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