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PIXLEY-ROY HYPERSPACES OF w-GRAPHS

J. D. MASHBURN

Abstract. The techniques developed by Wage and Norden are used to show

that the Pixley-Roy hyperspaces of any two «-graphs are homeomorphic. The

Pixley-Roy hyperspaces of several subsets of R" are also shown to be homeo-

morphic.

I. Introduction

Since it was introduced in 1969, the Pixley-Roy hyperspace, PR[X], of a

topological space X has been intensely studied with the hope of establishing

how the properties of X affect those of PR[A^]. This study has met with some

success, especially in the area of cardinal functions. However, there is a class

of questions which, until recently, eluded investigators: For which spaces X

and Y will PR[X] be homeomorphic to PR[T] ? For several years the only

results in this area were some embedding results obtained by van Douwen [vD]

and Lutzer [L]. In 1985 Wage [W] achieved a breakthrough by developing a

technique for breaking up neighborhoods around points in certain spaces which

allowed him to define homeomorphisms between those neighborhoods. Using

this technique he was able to show that Pixley-Roy hyperspaces of spaces like

R or [0,1] are homogeneous. In 1986 Norden [N] extended Wage's technique

to one which broke up an entire space. With this he was able to show that the

Pixley-Roy hyperspaces of any two /'-graphs (one-dimensional polyhedra with a

finite number of points removed) are homeomorphic. It follows that the Pixley-

Roy hyperspaces of spaces like R , [0,1], and the circle are all homeomorphic.

It is the purpose of this paper to use Norden's technique to show that Pixley-Roy

hyperspaces of infinite, as well as finite, graphs are all the same.

Definition. A T2 space X with no isolated points is an w-graph if there is

a countable discrete subset D of X and a countable collection I of pairwise

disjoint copies of (0,1) such that X\D = [\I, I is locally finite on X, and

for every x e D, {x} U (\J{I G I: x G 7}) is a neighborhood of x which can

be embedded in R2. The set D is called a dividing set for X.

The main result of this paper can be stated as follows.
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Theorem 1. If X and Y are to-graphs then PR[X] is homeomorphic to PR[T].

§11 will consist of preliminary definitions, notation, and observations neces-

sary for the proof of the Theorem 1. Theorem 1 will be proved in §111, and §IV

will contain some related results.

We will use PR[X] to denote the Pixley-Roy hyperspace of X. Our notation

for the open subsets of PR[Z] will be standard. We will use F[A] to denote

the set of nonempty finite subsets of a set A, and F'[A] to denote the set of all

finite subsets of A . The notation "X « T" will mean that X is homeomorphic

to Y.

II. Preliminary matters

Let X be an w-graph and let X0 be a dividing set for X. Enumerate X0

as {xn : n < to) . Let I0 be the countable collection of pairwise disjoint copies

of (0,1) whose union makes up X\X0 . We may assume that every element of

70 has at least one endpoint in X0. For each n < to let p(n) be the number

of elements of X\X0 having xn as an endpoint. For each I e I0 , fix a linear

structure and orientation for I. Let Q0 be the set of all midpoints of elements

of I0 and, for each p e X0 , let O be the component of X\Q0 containing p .

Then Q0 is a discrete subset of X and O xxO = 0 if p ^ q.

For each p e X0 and each / el0 having p as an endpoint, choose a

sequence of points in IxxOp converging monotonically to p . This can be done

because each element of X0 is the endpoint of at least one element of I0 . Let

Qx be the set of all points of X which are elements either of Q0 or of the

sequences just chosen. Call Qx the 1st cut-set of X. Set Qx = Qx . Let I,

be the countable collection of pairwise disjoint copies of (0,1) whose union

makes up X\(QX u X0). Call 7, the set of intervals in X derived from Qx .

Assume that n < to, that Qn is a discrete subset of X \ X0, and that In

is a countable collection of pairwise disjoint intervals in X. Let Qn+X , the

(n + l)th cut-set of .Y, be the set of midpoints of elements of ln and let

Qn+X = Qn U Qn+X . Let In+1, the set of intervals in X derived from Qn+l,

be the countable collection of pairwise disjoint copies of (0,1) whose union

makes up X\(Qn+x U X0). Set Q = [Jn<w Qn ■
For every 1 < m < to and every n < to, let Im n = {I e lm : I c Ox }. This

is the set of those elements of lm which "cluster" around xn .

For every 1 < n < to let £(«) be the set of sequences, a, defined on n + 1

such that er(0),er(l) G to and a(m) G {0,1} for all 1 < m < n . Let m < to.

Since I, m is countable, it can be enumerated as {/. .: n < to) . In this way

the set I, is indexed by 2(1). Assume that the elements of X(«) have been

used to index the elements of ln . Let I e I   , . There is a unique o e £(n)

such that / c I . If I is the left-hand half of I , then let t be the element
a o y

of Z(n + 1) such that x\n+l = a and x(n + 1) = 0 and set IT = I. If I

is the right-hand half of Ia , then let t be the element of Z(n + 1) such that

x\n + 1 = a and x(n + 1) = 1 and set 7T = I. Let X = \Ji<n<w^(n) ■
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The following lemma consists of observations which are immediate conse-

quences of the previous definitions and its proof is omitted.

Lemma 2. Let 1 < m < n < to.

1. 7/7gI„ then IxxQm¿0.

2. If P G Qm then there are exactly two elements, 7, and I2, of \n such

that p is an endpoint of both 7, and I2. Furthermore, 7, U 72 U {p} is

open in X.

3. If I elm then there are exactly two elements of \m+x that are subinter-

vals of I.

4. If I G I   then there is exactly one element, Ia rm+,, of lm that contains

5. If a e 1.(1), o(0) = k, and o(l) = 1, then Ia is the Ith element of

lx,k-

6. If Ja e ln k then o e l(n) and o(0) = k.

1. For any n,k < to, {Int[Cl(U{ICT G In y. o(l) > a})]: a < to} forms a

local base for xk .

For each p e X and each 1 < n < to let An(p) = {I e In: p e 7} and

let A» = [JA». If p G Qn then A(p) and A» will denote An+1(p)

and A*+,(p) respectively. If B e PR[X] then set An(B) = \JpeBAn(p) and

A» = UpeB A» . If B e F[Qn] then set A(B) = \Jp€BA(p) and A*(B) =

Up€BA».

Set MQ = {0} and, for each 1 < n < to, let Mn = {E e F(Qn) :ExxQm¿0

for all 1 < m < n). For 1 < n < to call Mn the set of elements of PR[A^]

compatible with Qn. Note that if m > n and E e Mn then ExxQm =0. Also,

if k t¿ / then Mk xx M¡ = 0. For each n < to and each E e Mn, let SE = {A e

PR[X] : A xx Qn+X = E} . Thus, if A e SE and EeMn, then A n Qn+X = 0.

The set {SE : E e M} where M = \Jn<a) Mn is a partition of PR[X] and is

called the fundamental partition of PR[A"] based on M. If F e Mn then SE

can be written as {AuBuE: A e F'[X0] and B e F'[X\(Qn+i l)X0)]} . Recall

that X\(Ô„+1UA-0) = UI„+1.

For each E e Mn let FE = {I e I„+1: 7 c A*(E)}. If n > 2, let É =

E\Qn =ExxQn_x. If n > 3 then E" is FnQ„_2. If n = 2 then set E" = 0.
Now let Y be another cograph and let T0 be a dividing set for Y. Enumer-

ate YQ as {yn: n < to}. Then the function X: X0 —y YQ given by X(xn) = yn

is a bijection. Let J0 be a countable collection of pairwise disjoint copies of

(0,1) whose union is Y\ Y0. We may again assume that every element of J0

has at least one endpoint in Y0 . Let 7?0 be the set of midpoints of elements

of J0. Let {Rn : 1 < n < to} be the collection of cut-sets for Y and set

R = \Jn>0} Rn . Let Pn be the component of Y\R0 that contains yn. For each

0 < n < to let Jn be the set of intervals of PR[T] derived from Rn, each

indexed as before by the elements of 1. Let {Nk: k < to} be the collection of



700 J. D. MASHBURN

sets of elements of PR[T] compatible with {Rk: k < to} and let {TE: E e N}

be the fundamental partition of PR[T] based on N = \Jk<a)Nk . If E c Q

and f:E-*R, then / is level preserving if f(E n Qn) c Rn for all n < to.

For each I e \n and J e in there is a unique linear homeomorphism

between 7 and J that preserves orientation. Denote this homeomorphism by

n, j. If rj,T G l(n), I = Iatm+X, and J = Jz,m+X for some m < n, then

r\1 j(Ia) = Jr if and only if o(k) = x(k) for all m < k < n. If T: ln —y Jn

is a bijection, then Y*: |JI„ —» U J„ is the function U/€/„ ni n/i • r* is a

homeomorphism that is linear and orientation preserving on each element of

Now order each ln and J^ lexicographically using the indices of their ele-

ments. These collections then have order-type to2. Let F c \n and GcJ„ be

equipotent finite sets and let y: F —» G be a bijection. Then In\F and J„\G

still have order-type to , so there is a unique order isomorphism AF : In\F —*

Jn\G. Define T: ln —» Jn by Y = yxjAF . Then T is a bijection.

In those situations where more than one F is being considered and subscripts

are used to distinguish the various set, the same subscripts will be used to dis-

tinguish the corresponding y, A, and T functions. For example, the functions

associated with F, will be y, ,A, , and T, .

It will be necessary in what follows to compare the index of Ia with that of

7(1 a) or T(Ig). In order to facilitate this, we will use y(o) and Y(o) to denote

the indices of y(Ia) and Y(Ig) respectively.

The next lemma is obvious and its proof is omitted.

Lemma 3. Let m < n < to and let F, c lm and F2 c ln with {I e ln : I C

F,} c U F2. If yx : F, —> Jm isa one-to-one function and y2 : F2 -+ Jn is defined

by y2(I) = Y*X(I), then Y](I) = Y*(I) for all I e I„ .

Lemma 4. Let Fclt be finite and let y : F —► J^. be a one-to-one function.

Assume that there are b,c,m < to such that

1. c - m > b;

2. if Ia e F then either a(l) < b or o (I) > c;

3. iflae¥\\lkn and m <o(l) <b then y(Ia)eJkn and 7(a)(1) <b;

and

4. if Ia e Fn lk n and o(l)> c then y(Ia) eJkn and y(<r)(l) > b.

Then Y(Ia) e Jkn and Y(o)(l) > b for all Ia e lkn with o(l)>c.

Proof. Let n < to. The elements of Jk „\y(F) are the images under AF of

Ij. n\F. By conditions 2 and 3,

lFn Uo G \,n- m<a(l)< c}\ = \Fxx{Ia e lkn: m < o(l) < b}\

= \{y(Ia):Iaelknandm<o(l)<b}\

< \{J0 eJky Jaey(F) and o(l)<b}\

= \y(F)xx{JaeJkyti(l)<b}\.
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Also, \{Ia elkn: m <o(l) <c}\ > \{Ja eikn: o(l) <b}\ because c-m > b.

Therefore,

\{Igelky.m<t7(l)<c}\F\

= Wa e h,n- m ^ ff(!) ^ *}\(Fn {/, G IM: m < o(\) < c})\

^ \{Ja e J,,„ :^(1) < b}\(y(F) n {Ja € Jky. a(l) < b})\

= \{Jge3kn:o(l)<b}\y(F)\.

Thus, if JT e Jk n and x(l)<b then there is Ia e lk such that either Ia e F

or Iaelk n and er(l) < c, and T(7CT) = JT. It follows from this and condition

4 that if ïg G lkn and oil) > c, then T(7a) g Jk n and Y(o)(l) > b .

Lemma 5. Let F, ,F2 c Ik be finite and let y, : F, —> Jk and y2: F2 —y Jk be

one-to-one functions. Let a,b,m < to such that

1. b - a > m;

2. {IgeFx:tr(l)<a} = {IgeF2:tr(l)<a} = G; and

3. yx(Ig) = y2(Ig)forallIaeG;

and that for i = 1 or 2,

4. if Ja e y¡(F¡) then either o(l) < a or o(l) > b;

5. // Ig e F(. and o(l) > b then yt(o)(l) > a; and

6. for all n<to,if Jae yi(Fj)xxJk „ and y~x(Ja) <£ lkn then o(l)<m.

Then Yx(Ia) = Y2(Ia) for all Ia e I„ with o(l)<a.

Proof. Let n < to. By condition 2,

{Iaelky.a(l)<a}xxFx =It,nG= {Iaelk>n: a(l) <a}nF2

and

U, G !*,„: *(1) < «}\F. = tf, € I,,„: o(l) < a}\G

= {Ia€lkya(l)<a}\F2.

By conditions 2, 3, and 4,

{Ja e JM: (j(l) < ¿>}\y,(F.) = {/, g Jfc „: o(l) < b}\yx(G)

= {JaeJkitt:a(l)<b}\72(¥2).

If I„elkinxxG then r,(/a) = ?,(/„) = y2(7J = Y2(Ia). The values of T,

and T2 on {Ia e lk n: a(l) < a}\G are determined by A, and A2 respectively.

We can establish the equality of T, and T2 on {Ia e \k n: o(l) < a}\G by

showing that this set is no larger than {Ja e Jk n: o(l) < b}\yx(G). Then,

since both A, and A2 take the ath element of {Ia e lk n: o(l) < a}\G to the
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ath element of {Ja G GJk n: o(l) < b}\yx(G), they must be equal.

\{JaeJk>n:a(l)<b}\7x(G)\

= \{Ja e 3k,„- ff(l) < a}\yx(G)\ + \{Ja e3kn:a< o(l) < b}\

(by condition 4)

= W. e Jk>n: o(l) < a}\({yx(Ia) e Jkn:Ia e G\I, „}

u{nWeJM:/9eGnIti„})|

+ |{/aGJ,n:a<tT(l)<¿}|

> \{Jazh,n- "(D < «KW.) e 3ky. Ia eGnlfc)„}|

(by conditions 1 and 6)

= |{/ffeI,,„:(7(l)<û}\{7(jGGnI^„:y,(7ff)GJ,i„}|

>|{7(7€lfci„:a(l)<a}\G|.

III. Proof of Theorem 1

Let X and Y be cographs with dividing sets XQ and T0. We will use

the structures and definitions developed in §11. Let g: Qx —> 7?, be a bijection

such that g(Qx xx On) = Rx xx Pn for all n < to. Then g(Q0) = R0 . For our

convenience later in the proof, we will assume that the first p(n) elements of

any lm n are those elements of \m n having an element of Q0 as an endpoint.

The homeomorphism we will define is essentially that defined by Norden in

[N].
Define T0: I, - J, by ^(7,) = Ja, and A,: UI, - LU, by \ = T;.

Then h, is a homeomorphism. Set 6(<p) = <f>.

Let F G M, . Set fE = g \ E and 0(E) = fE(E). Let FE = F£ and

Fe,E) = Fe(£). Each I e FE is adjacent to exactly one element of F and

each element of F is the endpoint of exactly two elements of FE . Similarly,

each element of Fe(£) is adjacent to exactly one element of 6(E) and each

element of 6(E) is the endpoint of exactly two elements of Fe(£). Define

yE : FE —y Fe,E) as follows. Let 7 g F£ and let p e E be an endpoint of 7 . If

p is the right-hand endpoint of 7, then set y£(7) equal to the element of Fe(£)

which has g(p) for its right-hand endpoint. If p is the left-hand endpoint of

7, then set y£(7) equal to the element of Fe(£) which has g(p) for its left-

hand endpoint. Then y£ is a bijection. Define hE: (|JI2)uF —> (\J J2)U 6(E)

by hE = Y*E u fE. Both Y*E and fE are bijections so hE is a bijection. It is

also a homeomorphism on (JI2 because T£ is. Let x e E and let F be a

neighborhood of /£(x) in Y. By the definition of y£ there is a neighborhood

U of x in A*(x) U {x} such that hE(U) c V. Thus hE is continuous at

x. A similar argument shows that hE is continuous at hE(x), so A£ is a

homemorphism.
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Let 2 < 1 < to and assume that for all k < 1 and all E e Mk,

1. fE: E —► Rk  is a level preserving one-to-one function and 6(E) =

fE{E);
2. FE c Ik+X and Fe(£) c Jk+X are finite and y£: F£ -> Fe(£) is a bijec-

tion; and

3. the function hE: (\JIk+x)liE -> (\J Jk+x)ll6(E) given by hE = Y*EöfE
is a homeomorphism.

Fix E e M¡. Each element of F xxQ¡ is the midpoint of some element of

11 _, and hEn , which is defined on \JI¡_X > takes midpoints to midpoints. Thus

hE„ (p) e R, for all peExxQ,. Define fE: E -* R¡ by

fE(P)
hE,(p)     ifp e ExxQl_x,

hEn(p)    if peExxQ¡.

Then fE is a one-to-one level preserving function. Note that if p e E xx Q¡_,

then fE(p) = hE, (p) = fE¡ (p). Extending this backward, we can see that if

1 < k < I and p e E n Qk then fE(p) = fEn^(p).

Let F£, = A(F n Q,) and Fe(£), = A(0(F) n R,). Let 7 g F£, and let

p e ExxQj be and endpoint of 7. Then fE(p) = hE,. (p) e R¡ and hE„ (p) is

an endpoint of hE„ (I) because hEn is continuous. Thus hE„ (I) e F0(£), . A

similar argument shows that if h£u (I) e Fe(£)1 then 7 G F£, .

Let F£2 = {7 G FE\FEX:hE.(I) e Fe(£)\Fö(£),}  and let Fe(E)2 = {J e

Fe(E)\F8(E)X:hE~'(J)   €   F£\F£1>-     Clearly   1   e   F£2    if atld OVL^ if   hE' W   E

F8(E)2 ■  Set  F£ = F£l UF£2   and  F0(£) = Fö(£)l UF0(¿?)2 ■  Define  ^ : FE ~> F8(E)

by

'VW       if/eF£l>

~\hE,(I)     ifIeFE2.
M/)

Then y£ is a bijection.

Define A£: ((JI/+1) UF ^ (U J/+i) u 0(F) by hE = T£ u/£ . The function
A£ is a bijection because T£ and fE are bijections and is a homemorphism on

|JI/+1 because T£ is. If peExxQ¡ then A(p) c F£, and hE(A*(p) u {p}) =

A£" (A*(p) U {p}). Now let p e E'. If 7 G A/+,(p) then 7 G F£ . Since p is

an endpoint of 7 and p G Q¡_, , the other endpoint of 7 must be an element

of Ql+l . Hence 7 g F£, . To show that /i£/ (7) e Fe(£)\F0(£),, note that p e É

and A£/ is continuous on (|J7/)uF'. So fE(p) = FE,(p) is an endpoint

of hEi (I). But fE, is level preserving, so fE< (p) e R¡+x . Again, the other

endpoint of hE, (I) must be an element of R/+x . Hence hE, (I) e FÖ(£)\FÖ(£)1.

It follows that A/+,(p) c F£2 and hE(A*+x(p)u{p}) = hE, (A*+](p)ö{p}). But

hE, is a homeomorphism on (|JI/) u£' and hE.. is a homeomorphism on

UI/_, , so hE is a homeomorphism on (|JI/+,)uF.
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Notice that for any k < to, E e Mk, xn e X0, and Ia G Ik n , if YE(Ia) £

Jk n then a (I) < p(n) because only the first p(n) elements of I, n have

endpoints in Q0.

For all n < to and all E e Mn, define 77£: SE -» Tg{E) by HE(A) =

X(AxlX0)xjhE(A\X0). Finally, define 77: PR[X] -> PR[T] by 7/ = U^m7^ ■
To show that 77 is a bijection it is sufficient to show that 6 is a bijection. Let

E,DeM and E±D. Then 6(E) = /£(F) and 0(7)) = /D(Z)). Both /£ and
fD are level-preserving one-to-one functions, so 6(E) ^ 0(7J>) if F G Af^. and

D e M¡ and k ¿ I. Assume that F,7J> G M{ . Then 0(F) = g(E) ¿ g(D) =

6(D) since g is a bijection. Assume that E,D e Mk for some k > 1 . Either

ExxQk^ DxxQk or E' ^ D1. But the functions A£/ , /z£-/ , /20< , and hD„ are

all one-to-one, so either hE» (E xx Qk) ^ hD„ (D xx Qk) or h£, (E1) ^ hD, (D1).

In either case, 6(E) ¿ 6(D).

Let A e SE where E e Mk and let F be a neighborhood of H (A) in Y.

Pick a < to such that if Ia e AX(A) then a(l)<a and if /CT G AX(H(A)) then

ct(1) < a. Let m = max{p(n):Ax(A)xxlXn ^ 0 or A,(77(^))n J, n ±0} + \.

Pick Jew such that b - m > a and

Int[ci(|J{7CTGJ,n:a(l)>è})]cF

for all yn e H (A) xx T0 . Set

^=I»t[C1(U{^Ju:ff(l)>fc})]

and set V0 = \Jp&HiA\nY ̂p ■ ̂ ^ c e w sucn ^at c-m > b and if x^ G ̂ nA^

and p G ß,n Int[Cl(LJ{7a G I, „: <x(l) > c})], then g(p) e Vy . For each

xneAxlX0 set [^ = Int[Cl(U{7ff G I, n : o(l) > c})]. Let U0 = "[Jp€Anxa Up .

If yl n X0 = 0 then set C/0 = 0. Pick r > k + 1 such that hE(A*(p)) c F for

all p e A\X0 . Set Up = A*r(p) U {p} for p g ¿VT0 and set Ux = UpeA\Xo UP ■

Let U = U0 U Ux . Note that:

1. if IaxxUx¿0 then cr(l)<<z;

2. if Ja xx (H(A)\Y0) ¿ 0 then o(l) < a ;

3. if Ia n U   t¿ 0 for some xn G /í n X0 then 7CTr, G I, n and a(l) > c ;

4. if JaxxVyn ± 0 for some yn e H(A)xxY0 then Ja¡x e J,'„ and o(l)>b;

5. if pe A\X0 then Í7, n Qk+X C {p} .

6. a,b,c and m satisfy condition 1 in Lemmas 4 and 5; and

7. if 7CT G I, n and m < o(\) then 77ö(7ff) c UJi,„ for any 0 < 1 <

to,n < to, and D e M.

The heart of the proof that H([A, U]) c [H(A), V] is contained in Lemmas

6 and 7.

Lemma 6. Lei Z) G Mj where 1 < j < k, D c U, and DxxUx= Ex\Qy Let

C = ExxQj. Then

1. if p e D xx Uq for some q eAxxXQ then fD(p) G VX{g) ;
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2. if p e D xx U for some qeE then p = q and fD(p) = FE(p) ;

3. iflg.elj+x and o(l)<a then Yc(Ia) = YD(Ia);  and

4. if Ia e lj+x n, xneAxxXQ, and o(l) > c, then YD(Ia) e Jj+X „ and

YD(o)(l)>b.

Proof. To begin with, let us take note of three useful facts. First, since Y,(Ia) =

Ja for all Ig e 7,, if Ia e 7, „ and o(l) > c, then T0(7J = Ja e J, n and

T(A(<t)(1) = cr(l) > c > b. Also, for any j, if p e C then fc(p) = fE(p).

Furthermore, if Ia e FD then either o(l) < a < b or ct(1) > c.

Let j =1. Then D c Qx and D xx Ux = E n ß, . Let p G D. If p G Uq for

some ?einl0, then fD(p) = g(p) e VX{q). If p eUq for some q e A\XQ ,

then q e E ,p = q , and fD(p) = g(p) = fc(p).
Let n < to and let Ia e I2 n xxFD with o(l)> c. Let p G 7J> be an endpoint

of Ig . Since cr( 1) > c, p must be in Ux . Then fD(p), which is an endpoint

of yD(7CT), is in Vy¡¡. Thus yD(Ia) e J2n and y0(<r)(l) > b > a.

It follows from D n £/, = C that Fc = {7CT G FD: a(l) < a} . Let Ia e Fc.

Let p G 7) be an endpoint of 7ff . Then p must be an element of Ux, so fD(p) =

fE(P) = fc(P}- Thus ./¿-(p) is an endpoint for both yc(7CT) and yD(Ia) ■ Since

both yc and yD preserve orientation, it must be true that yc(7ff) = yD(Ia) ■

Also, yD(o)(l) <a<b because fD(p) e H(A)\Y0 .

By Lemma 4, if Ia£l2n and o(l)> c, then ^(7^) G J2 n and T(cr(l)) >

b . By Lemma 5, if Ia e I2 and o(l) < a, then rD(7CT) = rc(7CT).

Let 2 < j < k and assume that the lemma is valid for all I < i < j and all

D e Mi with D c U and D xx Ux = F n Qi. Let 7) g Af. with D <z U and

DxxUx=ExxQj. Then 7J>' G M;_, ,7)' c Í7, and 7)' n C/, = F n Ô;_, = C ,

so the lemma is valid for D'. If j = 2, then D" = C" = 0. If j > 2, then

D" G A77_2, Z)" c If, and 7)" n Ux = E n Ô;_2 = C" . Thus the lemma is valid

for D".

Let p eDxxUXn for some xneAxxXQ. If p e Qj_x then fD(p) = /D- (p) G

V  . If p G Ô   then y^(p) = A0» (p). Now p is the midpoint of some element

7/of 7v-.,« where ^i1) > c- But rz>"(7CT) e ^-i,B»ri)"(ff)(1) > by and

Aö» (p) is the midpoint of YD„ (Ia). Hence fD(p) e Vy^.

Let p eDxxUq for some q e A\X0. Then qeE and q = p . If p G ß_,

then /ö(p) = /rf, (p) = /£(p). If p g Qj then

//)(P) = V (P) = FD" (T7) - rc" (P) = ÄC" (P) = fc^P) = /fiO»)-

Let n < to and let IaeFDx\ I+1 „ with ct(1) >c . Either yD(7CT) = Y*D, (Ig)

or ^(7CT) = r*D" (7<r) • In either case, yD(Ia) G J7.+ I n and y0(<r)(l) >b>a.

It follows from the inductive hypotheses that Fc, = {Ia e FDX: a(l) < a}

and FC2 = {Ia e FD2: a(l) < a). Thus Fc = {Ia e FD: a (I) < a}. Let

Ig G Fc. If Ia e FD{ then yD(Ia) = VD„ (/„). But Y*D„ (Io) = Y*c„ (/„) so

^(7.) = M7,) • If 7a € F02 then yD(7CT) = T^, (7,). But T^, (/„) = T^ (/„)

so yD(¡a) = ycVo) ■In either case' yD(a)(l) <a<b.
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By Lemma 4, if la e I;+, „ and ct(1) > c, then YD(Ia) e Jj+X n and

TD(c7)(l) > b. By Lemma 5, if 7CT G I;+, and ct(1) < a , then YD(Ia) = TC(7CT).

Lemma 7. If k <l,DeM,, and E c D c U, then

1. if peDxxUq for some qeAx~xX0 then fD(p) e VX{q) ;

2. if p e D xx Uq for some q e A\XQ then fD(p) e V ;

3. if Ia e I/+, „ for some xn e AxxX0 and o(l) > c, then YD(Ia) e J/+1 n

and YD(o)(l) > b; and

4. if Ia e I/+, and a(l)<a then YD(Ia) = Y*E(Ia).

Note that condition 4 implies that yD(o)(l) < a for all Io e FD with cr(l) <

a.

Proof. The case k = 1 is given by Lemma 6.

Assume that / = k + 1. Then D1 e Mk , D' c U, and D' xxUx = E. Also,

D" G Mk_x,   D" c U, and D" xxUx=E'. So Lemma 6 holds for 7)' and D" .

Let p e DxxUx for some xn e AxxX0 . if p e Qk then fD(p) = fD, (p) e Ux .

Let p e Qx . Then p is the midpoint of some element Ia of lk n where

o(l) > c. Also, fD(p) = hD" (p) and hD„ (p) is the midpoint of YD„ (Ia). But

TD" (7<r) € h,n   and  rD" (*)0) > b ■ ThuS  /0(P) € ^ ■

Let p e DxxUq for some i? G v4\X0. Now Uq xx Qx c {q} so p = q and

p g Qk . Thus /D(p) = fD, (p) = fE(p) e V.
Let Ig e FDxx I/+, n  for some x^ G A xx XQ  and let o(l) > c.   Either

^(7CT)   =  rD' (7ff)    0r   >"z)(7a)   =  rD" (7J-    In eÍther CaSe'    yDVo)  e J/+l,„    and

yD(o)(l) > b > a .

To show that conditions 3 and 4 hold, consider the sets F = {I e 7/+, : 7 c

LJF£} and G = {Ia e FD: o(l) < a}. Define y on G by y(7) = T£(7). We

will show that FcG. Let Ia e F. Then a (I) < a and Ia,k+X G F£. Now

A(E) c A(D) because F c D. Also, ^(0(F)) c A(6(D)). Thus 7ff G FD and

^d' (7tj) = ^£-(7<r) G Fe(D) • If 7<t e fdi then there is P e Dr)Q¡ such that p is an

endpoint of Ia . Then, since a(l) <a, p elfx. But f/, nQ/ = 0, so 7^ ̂  FD1 .

If p e Df]Q, then p G U0 and /ß(p) G F0. But YD. (a)(1) < a so AD, (7ff)

cannot have an endpoint in 6(D) xxR¡. Therefore hD, (Ia) e ^6(D)\F8(D)x > and

Ia e G. By Lemma 3, T(7) = T£(7) for all 7 e I/+, . If 7 g G then 7 G FD2 so

yD(I) = Y*D, (I) = rE(I) = 7(1). Thus yD(7ff) G J/+1„ and y0(rr)(l) < a < b

for all Ia e FD xx I/+, „ with m < a (I) < b. By Lemma 4, if Ia e I/+ln for

some xn G ^VZq and a (I) > c, then rD(7ff) G J/+1„ and TD(<r)(l) > b. By

Lemma 5, rfl(7J = T(7J = Y*E(Ia) for all 7ff g I/+, with a(l) < a .

Let I > k + 2 and assume that if _/' = /- 1 or j = I -2, C e M], and

F c C c (7, then the lemma holds for C. Let D e M, with F c D c t/.

Then Dn {/, nßt+, = F . Furthermore 7)' G Af,_, , E c D' c U , D" e M,_2 ,

and E c D" c U . Thus the lemma holds for D' and 7)" .
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Let p eDxx U for some xneAxxXQ. If p e Q,_x then fD(p) c fD, (p) e

V . If p g Q[ then p is the midpoint of some Ia e I;_, n with a(l) > c.

But fD(p) = hD„ (p) is the midpoint of YD„ (Ia) and YD„ (Ia) e 3¡_x n with

YD„ (a)(1) >b. Hence fD(p)eVyn.

Let p eDxxUq for some # G v4\X0 . If p eQ¡_x then /D(p) = /0, (p)eV.

If peQ, then /D(p) = hD„ (p) = Y*D„ (p) = Y*E(p) e V because hE(Uq) c V.

Let Ia e FD xx I/+, n  for some xn e A xx XQ  and let a(l) > c.   Either

yDVo) = yd'(h) or yDVo) = td"(h)- In either case- yDVo) e j/+m and

yD(fj)(l)>è>a.

To show that conditions 3 and 4 hold, consider the sets F = {7 g I/+, : 7 c

UF£} and G = {7 g Fd: a(l) < a). Define y on G by y(7) = T£(7).

Let Ig eF. Then Ia e FD because F c D and hD, (Ia) = hE(Ia) e Fe{D)

because 6(E) c 6(D). Assume that Ia 0 FDX . Let p c D n ß,. We will show

that fD(p) cannot be an endpoint of hD, (Ia). If p e U0, then fD(p) G VQ.

But YD, (a)(1) < a so fD(p) is not an endpoint of hD< (Ia). If p G Ux then

p G 7T for some 7T G Ifc 2 with x(l) < a. By the induction hypotheses,

fo(P) = hD" (P) = Afi(P) e A£(7r) • If <7 i ^ + 2 / t then 7CTr;t+2 n Ir = 0 so p

cannot be an endpoint of any subinterval of Ia .k+2. If a \ k + 2 = x then p is

not an endpoint of Ia because Ia qL FDX . The assumption that Ia &FDX also

implies that hD(Ia) = hD. (Ia) = hE(Ia). But hE is continuous at hE(p), so

hE(p) cannot be an endpoint of hE(Ia). Therefore hD(Ia) e Fe(ö)\Fe(D)1 and

Ia G FD2. By Lemma 3, y(7) = T£(7) for all 7 e I/+, . If 7 G G then either

yD(7) = Y*D, (I) or yD(I) = Y*D„ (I). In either case, yö(7) = T£(7) = y(7).

Thus yD(Ia) e J/+1 „ and yD(a)(l) < a < b for all Ia e FDxxl,+ Xn with

m < a(l) < b. By Lemma 4, if Ia e I/+, n for some xn e A xx X0 and

(7(1) > c, then T^fJ G J/+, „ and YD(a)(l)> b. By Lemma 5, if Ia e I/+,

and (7(1) <a, then TD(7ff) = T^).

Now let fie[^,i/] and let B e SD. Then D e M¡ for some / > A: and

E c D c U. Also, ß n X0 = A xx X0 so X(B xx XQ) = X(A xx XQ) C V . Let

p G ¿AA^o . if p e D then /D(p) G F by Lemma 7. Assume that p 0 D. There

is 7ff g I/+, such that P ela . If p eUx for some xn G AxxXQ then 7CT G I/+, n

and (7(1) > c. By Lemma 7, AD(/ff) = T^(7CT) g J/+, „ and r^(<T)(l) > 6.

Thus hD(p) e V . If p G [/   for some ^ G ̂ \A0 then a (I) < a . By Lemma 7,

AdÍ^) = ro(7a) = rE(Ja) ■ Thus äd(p) € F because Afi(^) c v ■ Therefore

77(5) g [H(A), V] and 77 is continuous. A similar argument shows that 77_1

is continuous.

IV. Related results

Corollary 8. If X and Y are to-graphs and D and E are equipotent dis-

crete subsets of X and Y respectively, then \J eD[p, X] is homeomorphic to

UpeE&yY],
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Proof. Extend D and F to dividing sets XQ and YQ of X and Y. Order

the sets X0 and T0 so that X(D) = E. Then the homeomorphism defined in

the proof of Theorem 1 takes \Jp€D[p, X] to Up€£L? » Y] y so these two sets are

homeomorphic.

The finally results are about spaces other than graphs or w-graphs. Theorem

2 of [N] shows that points may be removed from certain Tx spaces without af-

fecting its Pixley-Roy hyperspace. The next three lemmas generalize this result.

Theorem 12 applies this procedure to R" .

Lemma 9. If (Zn : n < to) is a sequence of disjoint homeomorphic open and

closed subsets of PR[X] such that {Jn<w z„ is open and closed in PR[A], then

PR[A-]\Z0«PR[A-].

Proof. For each n < to letHn: Zn -* Zn+X be a homeomorphism. Define

77: PR[A] -> PR[A]\Z0 by

H(A) = {
*Ai\)n<aZn

'„(A)    UAeZH.

Then 77 is a homeomorphism.

Lemma 10. If U is an open subset of space X and C is closed in  U then

[Jpec^P y U] " °Pen and ct°sed in PR[X].

Proof. Clearly (J_eC[p, U] is an open subset of PR[X]. Let

AeU\\J[p,U].
pec

If A çt U then [A,X] is a neighborhood of A that misses \Jp€C[p,U]. If

A c U then A xx C = 0, so [A,U\C] is a neighborhood of A in PR[.Y] that

misses \JpeC[p,U].

Lemma 11. Let (Un: n < to) be a sequence of disjoint open subsets of a space

X and let (Cn : n < to) be a sequence of subsets of X such that Cn c Un and

Cn is closed in Un for all n < to. Then U„<ft) UpecM > U*\ " °Pen and cl°sed

in PR[X].

Proof. It is clear that \Jn<Co^P€cM' Un^ is open in PR[^1 • By Lemma 10,

each \Jp€C„lP > UJ is closed in PR[X]. Let A e PR[A]. Since A is finite and

the U 's are disjoint, there is a finite subset B of to such that A xx Un ̂  0 if

and only if n e B . Then (\)meB[A, UJ) xx (Upel/> > ̂ J) ¿ 0 only if n e B.

Thus {\Jp€Cn[p, Un]:n<to) is locally finite, and lj„<0)\Jp€cM > UJ is closed.

Theorem 12. Let 0 < n < to and let X = {x G R" : 0 < |x| < 1} where |x|

denotes the Euclidean norm. For any 0 < m < to,

PR[Rn] « PR[m x Rn] « PR[to x Rn] « PR[m xJf]« PR[to x X].

Proof. We will show that each of these spaces is homeomorphic to PR[R"]. Let

D be a discrete subset of {x G R: x > 0} which contains 0 and let n : Rn —y R
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be the projection onto the first coordinate. Let L = {x e Rn : n(x) e D} and

let C = {xeR":\x\e D}. If D is finite then R"\L = (\D\ + 1) x R" and

R"\C = \D\ x X. If D is infinite then R"\L kcoxR" and Rn\C « to x X.

Let U0 = R" and let (Uk : 0 < k < to) be a sequence of disjoint open balls in

R" , each of which has empty intersection with L and C.

Set CQ = L. For every 0 < k < to let Ck be a subset of Uk which is

homeomorphic to L. Then Ck is closed in Uk for all k < to. For each

k < to set Zk = (Jpec t/7»^]- Bv Lemma 10, each Z^. is open and closed

in PR[R"]. By Lemma 11, x\JQ<k<0}Zk is open and closed in PR[R"], so

\Jk<0}Zk is open and closed in PR[R"]. Clearly each Zk is homeomorphic

to every other Zk , so PR[R"] « PR[R"]\Z0 « P7?[R"\L]. If D is finite then

PR[R"] k, PR[(\D\ + 1) x R"]. If D is infinite then PR[Rn] « PR[to x Rn\.

Now let C0 = C and for every k < to let Ck be a subset of L^ homeo-

morphic to C. Set Zfc = Upec li7'^] f°r a^ k < to. Again, (Zfe: k < to)

is a sequence of disjoint homeomorphic open and closed subsets of PR[Rn] so

PR[R"] « PR[R"]\Z0 « PR[R"\C]. If 7) is finite then PR[Rn] « PR[|Ö| x X].

If D is infinite then PR[R"] « PRfw x X].
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